OLD

METHODOLOGY

[3 Psychopen”
European Journal of Research Methods for the Behavioral and Social Sciences syc pen

Original Article 'i) Check for updates

The Impact of Ignoring Random Slopesinal —1— 1
Mediation Model in the Presence of Upper-Level

Mediator-Outcome Confounding

Jasper Bogaert! @, Wen Wei Loh? @, Beatrijs Moerkerke' ©, Yves Rosseel (2,

Tom Loeys!

[1] Department of Data Analysis, Ghent University, Ghent, Belgium. [2] Department of Methodology & Statistics,
Maastricht University, Maastricht, the Netherlands.

Methodology, 2025, Vol. 21(4), 313-345, https://doi.org/10.5964/meth.18093
Received: 2025-05-19 « Accepted: 2025-10-13 « Published (VoR): 2025-12-18
Handling Editor: Eduardo Estrada, Autonomous University of Madrid, Madrid, Spain.

Corresponding Author: Tom Loeys, Department of Data Analysis, Ghent University, Henri Dunantlaan 1, 9000
Ghent, Belgium. tom.loeys@ugent.be.

Supplementary Materials: Code, Data, Materials [see Index of Supplementary Materials] @ 0

Abstract

In behavioral sciences, researchers frequently employ mediation analysis with longitudinal data. A
common scenario involves the 1 — 1 — 1 mediation model, where the Predictor X, Mediator(s) M,
and Outcome Y are all measured at different occasions (Level 1) within individuals (Level 2). The
standard 1 — 1 — 1 mediation model approach fits two multilevel models, one for the mediator
and one for the outcome, with two random intercepts and three random slopes in total. However
researchers often exclude random slopes from multilevel models and only include random
intercepts to account for non-independence across observations of the same individual. We
demonstrate that ignoring random slopes in the 1 — 1 — 1 mediation model can result in biased
average indirect effect estimators, as well as underestimated standard errors. We provide code from
open source and free statistical software that can be used by practitioners to fit the 1 — 1 — 1
mediation model.
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In behavioral sciences, researchers are often interested in investigating the underlying
causal mechanisms of treatment or intervention effects on an outcome through media-
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tion analysis. The total effect, encoding the effect of the intervention X on the outcome
Y, is then decomposed into a direct and an indirect effect. The direct effect represents
the part of the effect of the predictor variable X on the outcome Y that is not transmitted
by the mediator M, while the indirect effect is the part of the effect of X on Y that is
transmitted through M (MacKinnon, 2012).

Realistic research settings in behavioral sciences often involve hierarchical data struc-
tures such as, (i) data nested within groups (clustered data), and (ii) repeated measures
from the same subject (longitudinal data) (West et al., 2022). Multilevel mediation anal-
ysis occurs when conducting mediation analysis with such hierarchical data. Various
multilevel mediation exist depending on the level at which the predictor, mediator(s) and
outcome are measured'. A common setting isa 1 — 1 — 1 mediation model, where the
intervention (X), mediator (M), and outcome (Y) are all measured at Level 1 but clustered
within Level 2. Examples of studies including such a model are Fitzsimmons-Craft et
al. (2016), Hill et al. (2021), Tan et al. (2022), and Yu and Hu (2022). Figure 1 illustrates
a1l — 1 — 1 mediation model, first presented by Vuorre and Bolger (2018) for a comput-
er game study by Metcalfe and Greene (2007). Participants played a computer game
catching Xs and avoiding Os while rating their perceived performance. The experiment
manipulated the game by introducing a brief delay (250 ms) between mouse movement
and cursor response (intervention X). The mediation question is whether this manipula-
tion affects performance ratings indirectly, by first reducing actual performance, i.e: the
hit rate (mediator M), which then influences participants’ judgments of performance
(outcome Y). All 3 variables were repeatedly measured within N = 43 independent indi-
viduals (j = 1, ..., N), four times in the lag condition, and four times in a control condi-
tion. Since we have longitudinal data within individuals, we can allow for heterogeneity
in the effects between individuals (and hence the subscript j).

Figure 1

Computer Game Example of Metcalfe and Greene (2007): A1 — 1 — 1 Mediation Model, First Presented by Vuorre
and Bolger (2018)

Lower level mediation

Level 2 of lower level effect

Level 1

‘ Hit rate |

Lag | @ !Judgment of performance‘

1) We refer to Bauer et al. (2006) and Preacher et al. (2010) for an overview.
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How can the mediation model depicted in Figure 1 be formalized? Throughout this
paper, we will assume linear relationships. For convenience, we will only consider the
simple setting where no other (measured) variables are considered, although in practice,
adjusting for confounders for the different relationships may be necessary to obtain
causal effects. Following the approach of Kenny et al. (2003), the 1 — 1 — 1 mediation
model can be written as two Level 1 equations:
M;; = de +a;X;; + ey
Y;; = dy; + biMy; + ¢; X + ey

where the subscript i refers to the lower-level units (i.e., the measurement occasions),
the subscript j refers to the upper level units (i.e., the individuals), and e,;; and ey;; are
respectively the Level 1 residuals for M and Y. The other five terms in the model are
intercepts and slope coefficients, which can be interpreted almost similarly as in the
standard linear regression setting with independent observations. Here, however, the
parameters are random (as shown by the subscript j), implying that they can vary across
the individuals. As in the single level model (but now with subscript j added), the direct
effect in individual j is denoted by Cis the effect from X on M by aj, and the effect from M
on Y by b;. In the next section, we provide an overview of the specific assumptions that
must be fulfilled in order to obtain unbiased estimates and ensure valid inference for the
effects in this model.

Model (1) includes two random intercepts and three random slopes. These random
slopes are depicted in Figure 1 as circles. It is important to note that both Kenny et al.
(2003) and Bauer et al. (2006) consider all five random effects of Model (1). Hence, it
could be argued that fitting all random effects is the default way to analyzeal -1 —1
model. However, in multilevel modeling, researchers often exclude random slopes from
the model and only include random intercepts to account for the non-independence
across observations of the same individual (Heisig et al., 2017; Schielzeth & Forstmesier,
2009). Several reasons for ignoring random slopes can be found in the literature. First,
there may be no expected variation in the effect between Level 2 units, which implies
that there is no random slope. However, LaHuis et al. (2020) suggested that it is rarely
the case that the variance for a slope is exactly zero when working with hierarchical
data. Heisig et al. (2017) also demonstrated that the assumption of invariant effects
of lower-level control variables is often implausible. Second, there may be insufficient
information to consider all random effects, for example when limited data is available.
Challenges related to limited sample sizes can emerge at distinct levels. While small
cluster sizes (i.e. a small number of measurement occasions) are problematic, especially
with small to medium samples sizes at the higher level, the primary concern in multilevel
modeling typically pertains to the number of individuals or clusters (Hox & McNeish,
2020; McNeish, 2014). Increasing the number of individuals or clusters is often not
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straightforward, as it may entail a higher financial cost and more time (Maas & Hox,
2005). When limited information is available from the data, convergence issues may oc-
cur (Bryan & Jenkins, 2016; Schielzeth & Forstmeier, 2009). Additionally, fitting (multiple)
random slopes could be hindered by software limitations or insufficient computational
resources (Heisig & Schaeffer, 2018). A third explanation may be that researchers have
limited knowledge of multilevel modeling and are unaware of the consequences of mis-
specifying all the necessary random components. As noted by Schielzeth and Forstmeier
(2009), there is a prevalent misconception that utilizing a multilevel model with only a
random intercept adequately addresses all instances of non-independence in the data.

The consequences of ignoring random slopes have already been studied in the mul-
tilevel modeling literature. Several scholars have shown that falsely assuming fixed
slopes rather than random slopes results in biased standard errors and overly narrow
confidence intervals (i.e., anti-conservative inference) for the fixed effects (Barr et al.,
2013; Bell et al., 2019; Berkhof & Kampen, 2004; Bryan & Jenkins, 2016; Heisig et al.,
2017; Hoffman & Walters, 2022; Schmidt-Catran & Fairbrother, 2016) To the best of our
knowledge, the impact of omitting random slopes in the more complex 1 — 1 — 1 model
has not been studied yet. There are two important aspects of this model that have not
been thoroughly investigated in the literature under the considered scenario. First, this
setting includes jointly fitting two models with five possibly correlated random effects.
Second, as we will explain later, the expression for the average indirectinthe 1 > 1 — 1
model includes an additional term involving the covariance of random slopes. Therefore,
the aim of this article is to examine in detail the impact of ignoring random slopes in
the 1 - 1 — 1 mediation model. More specifically, simulation studies based on the joint
modeling approach described by Bauer et al. (2006) will be used to study the impact of
omitting the random slopes. In the simulation study, we first assess the impact of model
complexity on the convergence rate when using the default options in open source
software. Second, given the mediation context, we focus on the bias, precision, efficiency,
and coverage probability of the average indirect effect estimator.

The outline of this article is as follows. First, we provide a detailed overview of the
joint modeling approach proposed by Bauer et al. (2006), and explain how the average
indirect effect can be derived in the 1 — 1 — 1 setting. Next, we describe the results
from the simulation study. Finally, we summarize the key findings and provide some
concluding remarks.

Joint Modeling Approach

In this section, we present a detailed overview of the joint modeling approach proposed
by Bauer et al. (2006). We begin by outlining the 1 — 1 — 1 mediation model and its
underlying assumptions. Next, we discuss how to restructure the data and fit the model
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using free statistical software. Finally, we describe the closed-form expressions for the
indirect and total effects.

Model and Assumptions

Consider 1 — 1 — 1 model presented in Equation 1. Bauer et al. (2006) make the follow-
ing assumptions:

1. The predictors are uncorrelated with the random effects and the residuals, both
within and across equations.

2. Both Level-1 residuals e); and ey;; are assumed to be uncorrelated * and normally
distributed with a mean of zero. The residuals in each equation are expected to be
independent and homoscedastic across individual observations (i) within clusters (j).

3. The random effects are normally distributed with mean their respective average
population effect (or zero if notation in deviation form is used). The random effects
may covary with each other.

4. The Level-1 residuals are uncorrelated with the random effects both within and
across equations (i.e., ej and ey; are uncorrelated with de, aj, de, bj, and c])

5. It follows from Assumptions 2 and 3 that the distributions of M and Y are condi-
tionally normal. More specifically, M is normally distributed conditional on X; Yis
normally distributed conditional on M and X.

Kenny et al. (2003) separately estimate the two Level-1 models presented in Equa-
tion 1. However, as pointed out by Bauer et al. (2006), this approach results in a loss
of essential information. Indeed, when fitting both models separately, the correlation
between the random effects is not modeled explicitly (cfr. Assumption 3). It is important
to understand the consequences of this. The random intercepts d,; and dy; in Model 1
represent unmeasured Level-2 heterogeneity in the mediator and outcome, respectively.
In a standard multilevel model random intercepts are assumed to be independent from
the predictors. Hence, the unmeasured heterogeneity in Y is assumed to be independent
from X and M, and cannot capture unmeasured upper level common causes of M and
Y. When assuming correlated random intercepts though, we explicitly allow for unmeas-
ured upper level common causes of M and Y. To eliminate upper level confounding, it is
sometimes argued to separate within and between effects. By doing so, the cluster-mean
centered predictors will be independent from any upper level variable. While this is an
interesting alternative, we will further built on the framework of Bauer et al. (2006), and
capture any upper level confounding of M and Y by allowing the random intercepts to be
correlated. In the next section, we explain how those two models can be fitted jointly.

2) As noted by one of the reviewers, the assumption of independent residuals could be relaxed. For example, in our
illustration there might be residual temporal correlation, see Bauer et al. (2006).
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In this paper, we focus on the 1 — 1 — 1 mediation model under the assumption
that (unmeasured) upper-level confounding exists only for the mediator-outcome rela-
tionship. In other words, we do not account for (unmeasured) upper-level confounding
of the exposure-mediator or exposure—outcome relationships. In our computer game
example, the exposure is randomized, which satisfies this assumption. This condition
is also commonly met in alternating treatment designs (Manolov et al. 2022), used in
single-subject research (Shadish et al., 2013) for example, but it may be violated in obser-
vational settings where the exposure is not randomized. The primary aim of the paper is
to show that ignoring random slopes in 1 — 1 — 1 mediation models can lead to biased
estimates of the average indirect effect. In the discussion, we outline possible extensions
that relax this simplifying assumption by allowing for upper-level confounding beyond
the mediator—outcome relationship.

Reorganizing the Data

Bauer et al. (2006) proposed a solution that involves formulating the model jointly in a
single Level 1 equation using selection variables. This requires creating a new outcome
variable Z by stacking Y and M for each observation i within cluster j. To distinguish
between M and Y, two selection variables (S;; and Sy) are created. If Z pertains to M, then
Sy = 1 and Sy = 0. Otherwise, if Z pertains to Y, then S, = 0 and Sy = 1. S, is associated
with the model for the mediator M, while Sy is associated with the model for the outcome
Y. In the stacked data set, the predictor and mediator are retained, along with the new
outcome variable and the two selection variables.

Fitting the Joint Model

By using the selection variables, the 1 — 1 — 1 model (see Equation 1) can be specified
in a single equation:

Zj = Sy (dyy, + @) + Sy (dy + b;M;; + €X;) + e, . (2)

As explained by Bauer et al. (2006), the joint model for Z (see Equation 2) can be

fitted by specifying a model for Z without a common fixed intercept, but with random
intercepts for S); and Sy (denoted as d M, and dyl, respectively) and with random slopes

for the product variables S, X, SyM, and Sy X (aj, bj, and ¢ respectively).’ Furthermore,
the residual variance (denoted as Var(eZU)) is allowed to differ depending on one of the
selection variables (e.g., Sy;) (Bauer et al., 2006). By fitting the joint model, the 1 -1 — 1

3) As noted by an anonymous reviewer, the common fixed intercept is removed in this joint model. Instead the
main effects of the selection variables (SMu and Sy”) become the fixed intercepts for each outcome. Similarly, there
is no common random intercept or common random slope variance, but instead the random effect variances are
outcome-specific.
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mediation models (see Equation 1) can be estimated simultaneously, and both the com-
plete covariance matrix of the random effects and the complete covariance matrix of the
fixed effects can be directly estimated (Bauer et al., 2006). As we will show in the next
section, all the necessary information to estimate the average indirect and total effects
becomes available with this stacked approach.

Estimating and Evaluating the Indirect and Total Effects

This section discusses the expressions for the average indirect and total effects as presen-
ted by Bauer et al. (2006) and Kenny et al. (2003), as well as their precision (i.e., the
standard error) and expressions for their 95% confidence intervals.

The Average Indirect and Total Effects

While cluster-specific indirect and total effects can easily be obtained from Equation 1,
expressions for the average indirect and total effects require more attention. The average
indirect effect (Goodman, 1960, p. 712) can be derived as:

E(ajp)) = ab+ o, 4, (3)

where a denotes the average effect of X on M, b denotes the average effect of M on Y, and
Oy, Tepresents the covariance between the two random slopes. The average total effect is
given by (Kenny et al., 2003):

E(ab; +c;) = ab+ gy, € (4)

with ¢’ representing the average direct effect of X on Y.

Since a; and b; are not necessarily independent (cfr. the third assumption), the average
indirect and total effect do not only depend on the average effect of X on M (a) and the
average effect of M on Y (), but also on the covariance between the two random slopes
Ou,b, (Kenny et al., 2003).* This implies that ignoring the presence of correlated random
slopes may lead to biased estimators for the average indirect and total effects (Tofighi et
al., 2013). In practice, sample estimates of the quantities in Equation 3 and Equation 4 are
used as substitutes for their population counterparts.

Precision of the Estimated Indirect and Total Effects

This section aims to quantify the precision of the estimated average indirect and total
effects. As was pointed out by Bauer et al. (2006) the precision of the estimated average
effects should not be confused with the heterogeneity in the effects. The precision refers

4) As explained by Tofighi et al. (2013), a non-zero covariance between the random slopes may be a result of an
omitted Level-2 variable that serves as a moderator of both the M —X and the M -Y associations.
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to the variability in the estimators of the average effects, while heterogeneity pertains to
the variability across Level-2 units. In this article, we focus on the precision of the aver-
age effects estimators. Bauer et al. (2006) showed that, assuming multivariate normality
of the estimators, an expression for the variance of the estimated average indirect effect
is given by

Var(ﬁl; + cAsaJ’ bj) =b*Var(a) + aZVar(l/)\) + Var(a )Var(l;) + 2abCov(a, I;) +

A N2 A
Cov(a,b)" + Var(ca}’ b,)’
whereas the variance of the estimated total effect is given by

Var(ab + &, + ¢) =b*Var(@) + a?Var(h) + Var(G)Var(b) + 2abCov(d,b) +
B A A A A A A A A (6)
Cov(a,b)’ + Var(¢") + 2bCov(a, ¢ ') + 2aCov(b,¢") + Var(csaj’ b}) )

The (co)variances in Equation 5 and Equation 6 represent the (co)variances of the fixed
effect estimates a, l;\ , cA', and the covariance estimate 3(1/1,1 for the random slopes. These
(co-)variances can be estimated by substituting the population values in Equation 5

and Equation 6 with their sample estimates (Raudenbush & Bryk, 2002). Again, the
covariance between fixed effect estimators residing in two different models, Cov(&, l;\ ), is
only possible by simultaneously estimating the 1 — 1 — 1 mediation model (Bauer et al.,
2006). Additionally, it should be noted that Equation 5 and Equation 6 include the term
Var(&aﬂ b

Confidence Interval of the Average Indirect and Total Effects

Bauer et al. (2006) also presented expressions for 95% confidence intervals (CIs) for the
average indirect and total effects. These expressions assume that the sampling distribu-
tions of the estimators are normal. Under this normality assumption, the 95% CIs for the
average indirect effect and the average total effect can be calculated as:

(b + 6, ) + 1.96yVar(@b + 6, ;) (7)

and

A A o AN "
(@b + 6, +¢) % 1.96\/Var(&b + 64,5, + ¢, ®)

with Var denoting the estimated sampling variances obtained by plugging in sample
estimates for their unknown population values (see Equation 5 and Equation 6). Impor-
tantly, when correlated random slopes are present but by ignoring cAsaj, b, ONe may obtain
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shifted and narrowed CIs due to bias in the estimated average indirect effect and the
underestimated variability.

Furthermore, Bauer et al. (2006) noted that a Wald-based null hypothesis test could be
performed similarly by dividing the estimate of the effect by its standard error. However,
since &b is a product of normally distributed estimators, and the product of the normally
distributed variables does typically not follow a normal distribution (Aroian et al., 1978),
the normality assumption required for hypothesis testing and construction of the Cls
may not hold exactly (Shrout & Bolger, 2002). However, the deviation from normality
may be small enough that the CIs or significance tests will still be reasonably accurate
(Bauer et al., 2006). In the next paragraph we present an alternative approach for the
construction of confidence intervals that was also suggested by Bauer et al. (2006).

Monte Carlo Method to Construct Confidence Intervals

A viable alternative for constructlng ClIs is the Monte Carlo (MC) method, which does
not assume that the product ab follows a normal dlstrlbutlon Instead, the method only
relies on the assumption that the estimators a and b follow a bivariate distribution
(MacKinnon et al., 2004). Other distribution-free alternatives, such as non-parametric
and residual bootstrapping, are also available. However, there is no consensus on the
best way to perform bootstrapping methods in the multilevel context, and multilevel
modeling software does not always facilitate their application (Preacher et al., 2010;
Preacher & Selig, 2012). We therefore opted to present the MC method here since it is
computationally faster and has been shown to perform comparable to other approaches
(Preacher & Selig, 2012). The MC method for a 1 — 1 — 1 mediation model is implemen-
ted in a free online R calculator, see Preacher and Selig, (2010).

Simulation Study

Simulation Model and Conditions

We examined the impact of ignoring random slopes in the 1 - 1 — 1 mediation model
in the presence of unmeasured upper-level mediator-outcome confounding. We focused
on conditions commonly encountered in studies involving multilevel (mediation) mod-
els, using varying cluster sizes (N; = 20, 50) and numbers of clusters (N, = 20, 50, 100),
along with different values for the intraclass correlation coefficient (ICC) to represent
different clustering effects. Three scenarios were considered regarding the ICC, involving
both equal and unequal values for the ICC of X, M, and Y. Specifically, we examined:

(i) a lower ICC for the predictor (ICCx = 0.1,ICC,, = 0.2,ICCy = 0.3), (ii) equal ICC
values (ICCy = 0.2,ICC,, = 0.2,ICCy = 0.2), and (iii) a higher ICC for the predictor
(ICCx = 0.3,ICC,; = 0.2,ICCy = 0.1). The ICC was computed by dividing the cluster-lev-
el random intercept variances of X, M, and Y by the total variance for each variable
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(i.e., the sum of the Level 1 residual variances and the cluster level intercept variance),
following the approach of Zigler and Ye (2019). These values for the number of clusters,
cluster sizes, and ICC values have been widely used in the literature and cover a range
of conditions used in previous work (see e.g., Baird & Maxwell, 2016; Hox & Maas, 2001;
Kim & Hong, 2020; Preacher et al., 2011; Zhang et al., 2009; Zigler & Ye, 2019).

The data generating model for the simulation study is represented by Model (1) and
used various population values for the fixed and random effects (co-)variances. The
fixed effects for a and b were assumed to be equal, and both set to either 0.1 or 0.6.
Additionally, we considered a scenario in which the fixed effects were unequal, with
a = 0.1and b = 0.6. The population value for the fixed effect ¢’ (i.e., the direct effect) was
set to 0.2. The variances of the random slopes of the a and b paths (62} and ng) were
both chosen to be 0.01, 0.15, and 0.50. Additionally, we examined a scenario in which the
variances of the random slopes were unequal, with Gil =0.15 and dﬁj = 0.50. To evaluate
the performance of the approaches in a model without random slopes, we included a
condition with minimal non-zero variances for o and oj, (i.e., o; = o} = 0.01), which we
refer to as the ‘no random slopes’ condition. The covariance between the random slopes
of both paths (Ga]’ bj) was set to —0.113, 0, and 0.113.> However, when the data generating
model contained no random slopes for the a and b paths (i.e., ng = Gﬁl_ = 0.01), then Oa,b,
was set to zero. For simplicity, all other random effects were assumed to be uncorrelated,
while the variances of the other random effects were based on the values used by Bauer
et al. (2006). An overview of all parameters in the data generation models can be found in
Figure 2.

5) When gy, = 0.113, the resulting values for the random slope correlation (Pa/, ;7]) were 0, 0.75, 0.41, and 0.22. Given
that the amount of bias in the average indirect when ignoring random slopes depends on the covariance between the
random slopes of both paths (cap b]), we focused on the covariance rather than the correlation.
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Figure 2

Simulation Model and Covariance Matrices of Level 1 Residual Variances (left) and Random Effects (right)

Level 2
Level 1
M
a= {0.1.0.1,W {0,1,&0«,0‘0}
=02
2
de Ud,uj 0 0 0 0
€Xy; 1.00 0 0 aj 0 (T;‘,!J 0 0.113 0

Cov | epy, 0 065 0 Covldy, [=] 0 0 o3, 0 0
7

€y;; 0 0 045 bj 0 0113 0 o} 0
5

cj 0 0 0 0 o2

Note. The values of 67 and o3 were chosen based on the clustering effect. The random slope variances cé] and
612,’ were set to 0.01, 0.15 and 0.5.

For each of the 648 conditions (i.e., 2 different cluster sizes x 3 different numbers of
clusters x 3 scenarios for the ICC values x 3 scenarios for a and bx 4 scenarios for 62} and
ngx 3 different values for the random slope covariance), 1000 samples were generated
and analyzed using the statistical software program R (Version 4.2.1) (R Core Team, 2022)
and the Ime4 package (Bates, Machler et al., 2015). In order to examine the impact of
ignoring random slopes, we fitted a joint model with random slopes (further abbreviated
RS) and without random slopes (further abbreviated RI). To assess the convergence
rate, we initially used the default optimizer and the default number of iterations from
Ime4 for both the RI and RS approaches. However, the RS approach exhibited high
non-convergence rates under various conditions when using the default optimizer. To
address this, we tested the bobyqa optimizer, which demonstrated substantially higher
convergence rates.® The results presented in the manuscript are therefore based on the
bobyqa optimizer.

Additionally, we identified singular solutions for the RS approach. Below, we present
results for the 1000 samples (hereafter referred to as RS all) and for the subset excluding

6) When we changed to the bobyqa optimizer for the RS approach, a higher convergence rate was observed in 69 out
of the 72 considered conditions. In the worst-case scenario, the bobyqa optimizer achieved a convergence rate that
was 6% lower, while in the best-case scenario, it achieved a convergence rate that was 60% higher compared to the
default optimizer. The largest differences between the two optimizers were observed when the cluster size (N1 = 50),
number of clusters, and random slope variances were large, or in the absence of random slopes.
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these singular fits (hereafter referred to as RS). As explained by Bates, Kliegl et al. (2015);
Bates, Méchler et al. (2015), singular fits are common with complex covariance models
and occur when a random effect variance is estimated near zero.” As it has been recom-
mended that robust standard errors may be used to overcome model misspecification in
multilevel models McNeish (2023), we considered both the regular (hereafter referred to
as RI) and robust standard errors (hereafter referred to as RI robust) for the RI approach.
The robust standard errors were obtained using the clubSandwich package (Pustejovsky,
2023). An illustration of the examined estimation approaches is provided in Appendix A.

Performance Criteria

Several performance criteria were employed to evaluate the impact of ignoring random
slopes in the 1 — 1 — 1 mediation model. The first criterion was non-convergence,
which occurs when the model-fitting algorithm fails to achieve a solution within the pre-
defined number of iterations or stopping criteria (Park et al., 2020). Possible convergence
issues might arise for the RS approach, especially in conditions with a smaller cluster size
and/or number of clusters. The convergence rate (CR) for each condition is calculated as:

#converged solutions

R = " , )

with R the number of generated data sets.

Second, we assessed the bias of the estimated average indirect effect. Since boxplots
of the estimated average indirect effect (see Appendix B) revealed several right-skewed
distributions and numerous outliers, the median bias was computed. The median bias
(MB) is expressed as the difference between the median of the parameter estimates and
the true parameter value:

MB = Med(6) — 6, (10)

where 6 and 6 denote the estimated and the true parameter value(s) of the average indi-
rect effect, respectively. Furthermore, we investigated the median bias in the estimated
standard errors by contrasting the median estimated standard error with the empirical
standard error.

Fourth, the efficiency of the estimated average indirect effect was evaluated. Typical-
ly, the root mean squared error is used to examine the bias-variance trade-off. However,
we utilized its robust counterpart the median absolute error (MAE):

7) As noted by an anonymous reviewer, McNeish and Bauer (2022) recently proposed using a factor analytic structure
for the random effect covariance matrix to avoid non-positive definiteness. This approach was first suggested by
Jennrich and Schluchter (1986) and was extended by Miyazaki and Frank (2006). For more information, we refer
readers to McNeish and Bauer, (2022).
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MAE = Med|0 — 6] . (11)

Fifth, the coverage probability (CP) of the 95% confidence intervals was inspected. The
coverage probability is the proportion of 95% confidence intervals (CIs) containing the
true parameter value:

CP=P(T,<0<T,), (12)

with T, and T, the lower and upper bound of the 95% CI, respectively.

Finally, we examined the use of the Akaike information criterion (AIC) and the
Bayesian information criterion (BIC) for model comparison and selection (West et al.,
2022). The AIC and BIC are derived from the log-likelihood (LL) statistic and can be
computed as follows:

AIC = —2log(L) +2p and BIC = —2log(L) + 2plog(n), (13)

where p is the number of estimated parameters and n is the total sample size. To
evaluate the effectiveness of these information criteria for model selection, we calculated
the model selection rate of the RS all approach over the RI approach. This was done by
computing the proportion of instances in which the RS all approach yielded lower AIC or
BIC compared to the RI approach within each condition.

Hypotheses

Based on the available multilevel literature, we anticipated several findings. First, we
expected lower convergence rates for the RS approach compared to the RI approach,
especially for a small number of clusters and/or when o = o = 0.01 (i.e., when there
were no random slopes in the data generating model). Second, we anticipated that the
RI approach would show downward or upward biased estimates for the average indirect
effect, depending on whether cﬁj’ , 1s negative or positive, and would underestimate
the standard errors, except when 03} = cgj = 0.01. Finally, we expected a poor coverage
probability for the RI approach in most conditions, which may be improved when a
robust estimator is used for the standard error (i.e., robust RI). For transparency and
reproducibility, the code to perform the analysis and all the results are available at
Bogaert et al. (2025).

Results

To compare the performance of the estimation models in terms of convergence rate,

median bias (of both the indirect effect and the standard error), median absolute error,
coverage probability, and the model selection rate, an ANOVA was conducted for each
of those criteria. The independent variables included the employed estimation models
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and the simulation conditions: cluster size (N;), number of clusters (N,), value of the
indirect effect (ab), variance of the random slopes (%), and ICC. All two-way interactions
between the independent variables were included in the analysis. The results, presented
in Table C1 in Appendix C, indicated that cluster size, number of clusters, value of

the indirect effect, random slope variance, and estimation models had a statistically
significant effect on the performance criteria. In contrast, neither the ICC nor its interac-
tion terms exhibited a significant effect, suggesting a limited impact on the outcomes
under the tested conditions. Therefore, we focus on the conditions with balanced ICC
values (ICCy = 0.2,ICC,; = 0.2,ICCy = 0.2). Although various values for the random
slope covariance were examined, we report only the results for the condition where

04,1, = 0.113. The results showed mostly similar patterns across different values of the
random slope covariance. However, when Oq,p, = — 0.113, the bias in the average indirect
effect was positive (instead of negative). When O4yb, = 0 there was no bias in the average
indirect effect, but the standard error was underestimated, which led to unacceptable low
coverage probabilities. A full overview of the results can be found at Bogaert et al. (2025).

Convergence Rate

As expected, the RI approach outperformed the RS approach, with convergence rates
consistently at or above 0.97. The RS approach exhibited poor performance in conditions
with a small cluster size (N; = 20) and number of clusters (N, = 20), particularly when
no random slopes were included in the data generating model (i.e., cﬁj = 0,37 =0.01),
yielding convergence rates as low as 0.10. However, as both the cluster size and number
of clusters increased, the RS approach achieved convergence rates as high as 1.00. The
RS all approach demonstrated perfect convergence rates, suggesting the occurrence of
numerous singular solutions in the case of a small sample size and/or when no random
slopes were present in the data generating model. Overall, convergence rates remained
largely similar across different values of the indirect effect. An overview of the conver-
gence rates is provided in Figure 3.
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Figure 3

Convergence Rates for the Considered Estimation Models
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Median Bias of Average Indirect Effect Estimates

The RS approach performed well, even if the cluster size and number of clusters were
small. Furthermore, only negligible differences were found between the RS and RS all
approaches, indicating that the singular solutions yielded reasonable estimates for the
average indirect effect. The RI approach demonstrated substantially biased estimates for
the average indirect effect in all conditions, except when cgj = Ggl = 0.01. In this case,
there were no random slopes and therefore the covariance between the random slopes
was zero (i.e., Og, b, = 0.01). The RI approach showed the same absolute bias but smaller
relative bias when the fixed indirect effect was larger. Finally, the cluster size, number of
clusters, and ICC did not influence the overall performance regarding bias. An overview
of the median bias can be found in Figure 4.
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Figure 4

Median Bias of the Average Indirect Effect Estimates for the Considered Estimation Models
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Median Bias of Standard Error

The RS approach was overall the best performing estimation model, showing only minor
underestimation of standard errors if the cluster size and number of clusters is small.
Furthermore, only negligible differences could be found between the RS and RS all
approaches, except in the condition with the smallest cluster size (N; = 20) and number
of clusters (N, = 20), in which case the singular solutions resulted in somewhat underes-
timated standard errors.

The RI approach showed considerable underestimated standard errors across all con-
ditions, except when the data-generating model did not include random slopes. The
underestimation increased substantially when the fixed indirect effect and variance of
the random slopes became larger, as well as when the cluster size and number of clusters
decreased. However, the underestimated standard error largely diminished when the RI
approach is combined with a robust estimator, indicating that the RI robust approach
performed comparable to RS in most conditions. Finally, the ICC did not influence the
bias in the standard errors. An overview of the median bias can be found in Figure 5.
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Figure 5

Median Bias of the Standard Error of the Average Indirect Effect Estimates for the Considered Estimation Models
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Bias-Variance Trade-Off: Median Absolute Error

The findings indicated that the RS (all) approach was the most efficient, as it exhibited
the lowest median absolute error in all conditions, except when 0‘21,_ = olz,j =0.01. No
(considerable) differences in median absolute error values were observed between the RS
and RS all approaches, even when the number of clusters and cluster size were small.

The efficiency of all estimation models improved as the number of clusters increased and
the random slope variance decreased. The RI approach also demonstrated a lower median
absolute error when the fixed indirect effect was larger, in which case the differences
between the estimation models became smaller. Additionally, the ICC and cluster size

did not substantially influence efficiency. An overview of the median absolute error is
provided in Figure 6.
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Figure 6

Median Absolute Error of the Average Indirect Effect Estimates for the Considered Estimation Models
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Coverage Probability

Overall, the RI approach demonstrated low coverage probabilities. It performed best
when no random slopes were present in the data generating model, with coverage
probabilities ranging from 0.84 and 0.92. The lowest coverage was observed with small
cluster sizes. However, when random slopes were present, the RI approach exhibited cov-
erage rates as low as 0.00 in multiple conditions. The RI robust approach showed better
coverage than RI in most conditions but still performed poorly when random slopes were
present in the data-generating model (coverage probabilities ranging from 0.00 to 0.85).
The RI robust approach also performed best when Gﬁj = Gil = 0.01, consistently achieving
coverage probabilities near the nominal level of 0.95. Importantly, the performance of

RI (robust) approach deteriorated as the cluster size and number of clusters increased.
Although the RI robust approach exhibited improved coverage rates when the fixed
indirect effect was large, its overall performance remained unsatisfactory.

The RS (all) approach demonstrated overall acceptable coverage probabilities. Howev-
er, the coverage rate decreased when the cluster size and number of clusters were low,
and when the fixed indirect effect was small. In these conditions, the RS all approach
displayed somewhat lower coverage probabilities compared to RS, implying that in the
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case of singular solutions lower coverage probability may also occur. Notably, no large
differences in coverage probability were observed when GZ}_ = ng = 0.01, where most
singular solutions occurred. The ICC did not effect the coverage probability, as was the
case for RI (robust) approach. An overview of the coverage probabilities is provided in
Figure 7.

Figure 7

Coverage Probability of Considered Estimation Models for the 95% Cl of the Average Indirect Effect
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Model Selection Rate

When random slopes were included in the model, both the AIC and BIC favored the RS
all approach over the RI approach under these conditions. When no random slopes were
included, the RS all approach was increasingly favored over the RI approach as cluster
size, number of clusters, and the magnitude of the indirect effect increased. Selection
rates also varied depending on the information criterion used. Specifically, the BIC
tended to favor the RI approach more frequently than the AIC, which only favored the RI
approach in scenarios with small cluster sizes and a low number of clusters. Additionally,
the ICC did not affect the model selection rate. An overview of the selection rates is
provided in Figure 8.
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Figure 8

Model Selection Rate of RS All Over RI Approach
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Discussion

In this article, we investigated the impact of ignoring random slopesinal -1 —1
mediation model. We examined the convergence rate, bias, efficiency, and coverage prob-
ability of the average indirect effect for an estimation model with and without random
slopes. Various cluster sizes and number of clusters were used, along with different
values for the intraclass correlation coefficient, the fixed effects and the variances of the
random slopes.

The results revealed clear patterns that align with prior literature. First, we examined
the convergence rate. As expected, the RI approach displayed very high convergence
rates in all conditions, whereas the model including random slopes showed substantially
lower convergence rates (i.e., many singular solutions) when the cluster size and number
of clusters were small, particularly when no random slopes were included in the data
generating model. These findings are consistent with those of Bauer et al. (2006), Bryan
and Jenkins (2016), Park et al. (2020), and Schielzeth and Forstmeier (2009), who argued
that the estimation of a multilevel model becomes more difficult as the number of
random effects (and therefore the number of parameters to be estimated) increases.
Importantly, when using the default optimizer of the Ime4 package (instead of the
bobyqa optimizer), the findings showed lower convergence rates for the RS approach.
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We therefore recommend using the bobyqa optimizer in case of a 1 — 1 — 1 mediation
model.

The RS approach performed well in terms of bias of the estimated indirect effect,
even when the data generating model contained no random slopes and/or in the smallest
considered cluster size and number of clusters. In contrast, the RI approach displayed
substantially biased indirect effect estimates in all conditions, except when there were
no random slopes in the data generating model or the random slope covariance was
zero (i.e., Og,b, = 0). The bias decreased when the fixed indirect effect became larger,
but still remained considerable. As discussed earlier, the RI approach did not provide
unbiased estimates for the average indirect effect whenever Oy, * 0, 0r in other words,
whenever correlated random slopes for paths a and b are present in the data generating
model. This is a distinctive finding for the 1 — 1 — 1 mediation model compared to a
standalone multilevel model, where omitting random slopes usually does not result in
biased estimators for the fixed effects (LaHuis et al., 2020; Schielzeth & Forstmeier, 2009).

A similar trend was observed for the estimated standard errors. The RS approach yiel-
ded appropriate standard errors, whereas the RI approach systematically underestimated
the standard errors. This result coincides with findings of previous work Barr et al.
(2013), Bell et al. (2019), Heisig et al. (2017), and LaHuis et al. (2020), who investigated
the impact of omitting random slopes in the standalone multilevel model and reported
underestimated standard errors for the fixed effects too. A better performance was
observed for the RI approach when a robust estimator for the standard error was used,
which is in line with previous research findings (Bell et al., 2019; King & Roberts, 2015).

The RS approach resulted in acceptable coverage probabilities for the average indirect
effect in most conditions. In contrast, the RI approach performed extremely poorly. Its
performance was best when no random slopes were included in the data generating
model, yet it still exhibited too low coverage probabilities under these conditions. These
findings align with the results of Barr et al. (2013), Bell et al. (2019), LaHuis et al.

(2020), and Schielzeth and Forstmeier (2009), who concluded that falsely assuming fixed
slopes can be detrimental for statistical inference (i.e., too narrow confidence intervals).
Here, however, the low coverage probabilities result from both the bias in the estimated
indirect effect and the underestimated standard error, which respectively shifts the confi-
dence intervals away from the true average indirect effect and narrows the 95 % Cls.

Finally, the RI and RS all approaches were compared in terms of their performance
regarding the bias-variance trade-off and model selection based on information criteria.
The RS all approach exhibited smaller median absolute error values compared to the RI
approach, except when ng = dﬁj = 0.01, and is therefore considered being more efficient.
Both information criteria showed high model selection rates, indicating that the RS all
approach was generally favored over the RI approach, particularly when random slopes
were included in the model. In the absence of random slopes, the RS all approach was
increasingly preferred as cluster size, number of clusters, and the magnitude of the
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indirect effect increased. The BIC favored the RI approach more often than the AIC, but
only in scenarios with small cluster sizes and a low number of clusters.

Overall, we make the following recommendations. When convergence or estimation
issues arise and/or insufficient resources are available, a first recommendation is to try
a different optimizer and/or increasing the number of iterations. A second recommenda-
tion is to fit the RI approach with robust standard errors. The RI approach with robust
standard errors showed a better but still unsatisfactory performance (due to biased
indirect effect estimates and low coverage probability). However, it can be used as a diag-
nostic procedure, as suggested by King and Roberts (2015). If there is a disparity between
model-based and robust standard errors, it implies the presence of model misspecifica-
tion. This misspecification could potentially involve the omission of random slopes in
the model Bell et al. (2019). A third recommendation is to use a piecemeal approach to
potentially leave out random slopes (e.g., for the direct effect) and/or correlation between
the random effects. This may involve evaluating the magnitude of the estimated variance
components and comparing models using likelihood ratio tests with the varTestnlme
package in R for example or information criteria (Bates, Kliegl et al., 2015; Bell et al.,
2019; LaHuis et al., 2020; Matuschek et al., 2017; Park et al., 2020). Finally, it is also
possible to test the Oy, Parameter using a Wald test.

Like all simulation studies, this study was not without limitations. A first limitation is
that we restricted upper-level confounding to the mediator-outcome relationship. Under
the considered data generating mechanism in our simulation study the within- and
between-effect of the exposure are equal. Though this assumption is only likely to hold
in settings such as alternating treatment designs where the exposure is randomized, it
is also unlikely to matter for the main conclusions in this paper. A second limitation is
that the simulation study included only a limited number of conditions. Although the
conditions that we considered here may be commonly found in the literature, different
settings may lead to different results. A third limitation is that we have not considered
the bootstrap or Monte Carlo approach for estimating the precision of the indirect effect
since it is computationally very intensive. A fourth limitation is that we have not consid-
ered cross-level interactions (i.e, a Level 2 that moderates the relationship between two
Level 1 variables). Previous research findings indicate that the negative consequences of
falsely omitting random slopes may aggravate in this condition (Heisig et al., 2017). A
fifth limitation in the presentation of the simulation results is that we only compared the
performance of the more simple RI model with the performance of the more complex RS
model. In practice, a researcher may use model selection based on the AIC. Once a model
is selected by AIC, it could be interesting to look whether it actually gives good estimates
of the parameters of interest.

In this work, we have employed the joint modeling approach by Bauer et al. (2006),
as it was the most convenient approach to examine the consequences of ignoring random
slopesina 1l — 1 — 1 mediation model in the traditional multilevel framework. However,
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there are other methods for multilevel mediation analysis, such as MSEM (Preacher,
2011). The MSEM approach to multilevel mediation modeling has the advantage that

it can easily handle multiple multilevel models simultaneously, but it often requires a
larger sample size compared to the traditional multilevel approaches (McNeish, 2017;
Preacher et al., 2011; Zigler & Ye, 2019). Indeed the latent decomposition in MSEM can

be quite demanding. Because MSEM is more complex (modeling latent components, more
parameters) and has greater sample-size and convergence demands, we sticked to the
joint multilevel approach. The latter is easier to implement in standard mixed-model
software and can perform adequately when focus is on within effects. Future research
could directly compare both approaches.

As explained we opted not to separate within and between effects using a manifest
decomposition (Zhang et al., 2009). The decomposition is not needed to eliminate up-
per level confounding when allowing correlated random slopes. The downside of the
approach presented in this paper is that it only allows for unmeasured upper level
confounding of the mediator-outcome relationship. In non-randomized studies there may
also be exposure-mediator or exposure-outcome confounding. In principle one could add
a third model to the stacked approach of Bauer et al. (2006), and model the exposure. By
allowing the random intercepts of all three models to be correlated, one allows for all
three types of upper level confounding. Obviously, such approach would further increase
the dimensionality of the covariance matrix of the random effects. Alternatively, one may
follow the suggestion of Bauer (2015), and separate the within-effect and between-effect
of the exposure to avoid conflated effects. The advantage of the latter approach is that it
does not require an additional model for the exposure.

In sum, we have shown that omitting random slopes in a 1 — 1 — 1 mediation
model results in biased average indirect effects, as well as underestimated standard
errors, leading to invalid inference. Given the limited negative impact for unnecessarily
allowing random slopes, we encourage (when in doubt) to include random slopes in a
1 — 1 — 1 mediation model. This advice is in line with conclusions from other scholars
(Barr et al., 2013; Bell et al., 2019; LaHuis et al., 2020; Schielzeth & Forstmeier, 2009;
Schmidt-Catran & Fairbrother, 2016). At the same time it is important to acknowledge
potential convergence issues for the RS approach due to the increased complexity of
the model when all random slopes are included (Heisig et al., 2017; LaHuis et al., 2020;
Matuschek et al., 2017).
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Appendices
Appendix A: lllustration of the Considered Estimation Approaches

Part 1

Hlustration of the Considered Estimation Approaches

##t# #i#t#
##t# Itllustration approaches ###
##t# ##t#

### Load packages
library(MASS)
library(reshape2)
library(lme4)
library(lmerTest)
library(clubSandwich)

#### Read in ezample data set
dat <- read.csv("dat_illustration.csv")

### Reorganize data as in Bauer et al. (2006)
dat$id <- 1:nrow(dat)
dat_stacked <- melt(dat, id.vars = c("id", "cluster", "X", "M"),
measure.vars = c("Y", "M"), value.name = "Z")
dat_stacked <- within(dat_stacked, {
sY <- as.integer(variable == "Y")
sM <- as.integer(variable == "M")
1))

### 1. fit model with random slopes
mm_RS <- Imer(Z ~ 0 + # no intercept
sM + sM:X + # model for the mediator
sY + sY:M + sY:X + # model for outcome
(0 + sM + sM:X + sY + sY:M + sY:X | cluster) + # random effects
(0 + sM | id), data = dat_stacked, # Var(e_Zij) depending on sM
control=ImerControl(optimizer="bobyqa", optCtrl=list(maxfun=2e5)))

# check and save summary output
(smm_RS <- summary (mm_RS))

# information criteria and LRT test statistic
AIC_RS <- AIC(mm_RS)

BIC_RS <- BIC(mm_RS)

LL_RS <- as.numeric(logLik(mm_RS))

# fized effects

FEmatrix_RS <- coef (smm_RS)

a_RS <- FEmatrix_RS['sM:X', 'Estimate']
b_RS <- FEmatrix_RS['sY:M', 'Estimate']
cprime RS <- FEmatrix_RS['X:sY', 'Estimate']

# random effects
REmatrix_RS <- as.data.frame(VarCorr (mm_RS))
cov_aj.bj_RS <- REmatrix_RS[which(REmatrix_RS$varl == 'sM:X' &
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Part 2

Ilustration of the Considered Estimation Approaches

REmatrix_RS$var2 == 'sY:M'), 'vcov']

# asymptotic covariance matriz for the fized effects
AVCOV_FE_RS <- vcov(mm_RS)

names_vcov_F <- c("sM", "sY", "sM:X", "sY:M", "X:sY")

rownames (AVCOV_FE_RS) <- colnames(AVCOV_FE_RS) <- names_vcov_F
var_a_RS <- AVCOV_FE_RS["sM:X","sM:X"]

var_b_RS <- AVCOV_FE_RS["sY:M","sY:M"]

var_c_RS <- AVCOV_FE_RS["X:sY","X:sY"]

cov_a_b_RS <- AVCOV_FE_RS["sM:X","sY:M"]

cov_a_c_RS <- AVCOV_FE_RS["sM:X",'X:sY']

cov_b_c_RS <- AVCOV_FE_RS["sY:M",'X:sY']

# asymptotic covariances for the random effects
# (Using the vcov_vc() in the bootmlm library)
AVCOV_RE_RS <- try(vcov_vc(mm_RS, sd_cor = FALSE, print_names = TRUE))
if (!inherits(AVCOV_RE_RS, "try-error")){
var_cov_aj.bj_RS <- AVCOV_RE_RS["cov_sY:M.sM:X|cluster","cov_sY:M.sM:X|cluster"]
} else{
var_cov_aj.bj_RS <- NA
¥

# indirect effect

IE_RS <- a_RS*b_RS + cov_aj.bj_RS

var_IE_RS <- (b_RS"2)*var_a_RS + (a_RS"2)#*var_b_RS + var_a_RS#var_b_RS +
2*a_RS*b_RS*cov_a_b_RS + cov_a_b_RS"2 + var_cov_aj.bj_RS

CI_LB_IE_RS <- IE_RS - 1.96%sqrt(var_IE_RS)

CI_UB_IE_RS <- IE_RS + 1.96%sqrt(var_IE_RS)

### 2. fit model without random slopes and regular SE
# fit model without random slopes and regular SE
mm_noRS <- lmer(Z ~ 0 + # no intercept

sM + sM:X + # model for the mediator

sY + sY:M + sY:X + # model for outcome

(0 + sM + sY | cluster) + # random effects (no random slopes)
(0 + sM | id), data = dat_stacked) # Var(e_Zij) depending on sM

# check and save summary output
(smm_noRS <- summary(mm_noRS))

# information criteria and LRT test statistic
AIC_noRS <- AIC(mm_noRS)

BIC_noRS <- BIC(mm_noRS)

LL_noRS <- as.numeric(logLik(mm_noRS))

# fized effects

FEmatrix_noRS <- coef (smm_noRS)

a_noRS <- FEmatrix_noRS['sM:X', 'Estimate']
b_noRS <- FEmatrix_noRS['sY:M', 'Estimate']
cprime_noRS <- FEmatrix_noRS['X:sY', 'Estimate']

# asymptotic covariance matriz for the fized effects
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AVCOV_FE_noRS <- vcov(mm_noRS)

names_vcov_F <- c("sM", "sY", "sM:X", "sY:M", "X:sY")

rownames (AVCOV_FE_noRS) <- colnames(AVCOV_FE_noRS) <- names_vcov_F
var_a_noRS <- AVCOV_FE_noRS["sM:X","sM:X"]

var_b_noRS <- AVCOV_FE_noRS["sY:M","sY:M"]

var_c_noRS <- AVCOV_FE_noRS["X:sY","X:sY"]

cov_a_b_noRS <- AVCOV_FE_noRS["sM:X","sY:M"]

cov_a_c_noRS <- AVCOV_FE_noRS["sM:X",'X:sY']

cov_b_c_noRS <- AVCOV_FE_noRS["sY:M",'X:sY']

# indirect effect

IE_noRS <- a_noRS*b_noRS

var_IE_noRS <- (b_noRS"2)*var_a_noRS + (a_noRS~2)*var_b_noRS +
var_a_noRS#var_b_noRS + 2+a_noRS*b_noRS*cov_a_b_noRS + cov_a_b_noRS™2

CI_LB_IE_noRS <- IE_noRS - 1.96*sqrt(var_IE_noRS)

CI_UB_IE_noRS <- IE_noRS + 1.96*sqrt(var_IE_noRS)

### 3. fit model without random slopes and Tobust SE

# check and save summary output
mm_noRS_RB <- mm_noRS
(smm_noRS_RB <- summary (mm_noRS_RB))

# information criteria and LRT test statistic
AIC_noRS_RB <- AIC(mm_noRS_RB)

BIC_noRS_RB <- BIC(mm_noRS_RB)

LL_noRS_RB <- as.numeric(logLik(mm_noRS_RB))

# fized effects

FEmatrix_noRS_RB <- coef(smm_noRS_RB)

a_noRS_RB <- FEmatrix_noRS_RB['sM:X', 'Estimate']
b_noRS_RB <- FEmatrix_noRS_RB['sY:M', 'Estimate']
cprime_noRS_RB <- FEmatrix_noRS_RB['X:sY', 'Estimate']

# asymptotic covariance matriz for the fized effects

AVCOV_FE_noRS_RB <- vcovCR(obj = mm_noRS_RB, type = "CRO")

rownames (AVCOV_FE_noRS_RB) <- colnames(AVCOV_FE_noRS_RB) <- names_vcov_F
var_a_noRS_RB <- AVCOV_FE_noRS_RB["sM:X","sM:X"]

var_b_noRS_RB <- AVCOV_FE_noRS_RB["sY:M","sY:M"]

var_c_noRS_RB <- AVCOV_FE_noRS_RB["X:sY","X:sY"]

cov_a_b_noRS_RB <- AVCOV_FE_noRS_RB["sM:X","sY:M"]

cov_a_c_noRS_RB <- AVCOV_FE_noRS_RB["sM:X",'X:sY']

cov_b_c_noRS_RB <- AVCOV_FE_noRS_RB["sY:M",'X:sY']

# indirect effect

IE_noRS_RB <- a_noRS_RB*b_noRS_RB

var_IE_noRS_RB <- (b_noRS_RB"2)+*var_a_noRS_RB + (a_noRS_RB"2)*var_b_noRS_RB +
var_a_noRS_RB*var_b_noRS_RB + 2xa_noRS_RB*b_noRS_RB*cov_a_b_noRS_RB +
cov_a_b_noRS_RB™2

CI_LB_IE_noRS_RB <- IE_noRS_RB - 1.96xsqrt(var_IE_noRS_RB)

CI_UB_IE_noRS_RB <- IE_noRS_RB + 1.96*sqrt(var_IE_noRS_RB)
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Appendix B: Figure Containing the Boxplots of the Average Indirect
Effect Estimates
Figure B1
Boxplots of the Average Indirect Effect Estimates
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Note. These boxplots of the average indirect effect estimates are for when o2 = Ub = 0.15, balanced ICC values
(ICCx = 0.2,1CCy; = 0.2,ICCy = 0.2), and where 6, , =
vertical line.

= 0.113. The true indirect effect is represented by a red

Appendix C: ANOVA Results
Table C1

Table Containing the Results of the ANOVAs

Effect Df CR MB.. MB,. MAE CP MSR
N, 1 399.84*** 0.00 4.17* 5.00* 23.34>** 131.40***
N, 2 446.87*** 2.74 289.73*** 303.50%* 1.61 116.89***
ab 2 2.17 131.31%** 424.78*** 107.27*** 46.91%* 0.31
o‘fs 3 395.66"** 52.55** 428.64™* 973.03*** 609.90*** 153.07***
ICC 2 2.32 0.01 0.50 0.00 0.14 0.37
Model 2 1161.59*  420.76*** 2335.75"**  255.42*** 7057.10%** -

N;: N, 2 95.95*** 0.69 0.91 0.39 0.14 98.09***
Nj: ab 2 0.84 0.01 4.90** 0.11 8.48*** 0.13
N;: o? 3 65.37"** 0.42 0.10 0.52 0.76 131.35***
N;:ICC 2 0.61 0.01 0.75 0.01 0.05 0.34
N;: Model 2 434.15*** 0.06 23.92%** 0.23 58.17*** -
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Effect Df CR MB.. MB.: MAE CP MSR
N,: ab 4 1.24 1.23 19.42*** 16.73*** 3.14* 0.19
Ny o2 6 66.12*** 0.72 4123 2817 0.61 116.84**
N,: ICC 4 2.08 0.00 0.06 0.05 0.05 0.14
N,: Model 4 478.86** 0.10 120.02*** 17.38*** 17.33*** -
ab: 0'33 6 0.07 14.66™** 63.14™* 5.60*** 2.49* 0.31
ab: ICC 4 0.00 0.03 0.01 0.01 0.02 0.00
ab: Model 4 3.23* 123.30*** 371.07*** 25.40™** 31.41%* -
(stz IcC 6 0.09 0.01 0.49 0.03 0.03 0.37
Gfsz Model 6 41475 44.82%* 33527 47.20"* 634.89** -
ICC: Model 4 2.10 0.01 0.23 0.00 0.04 -
Residuals 1872

Note. Df: degrees of freedom, CR: convergence rate, MB.: median bias of indirect effect, MB..: median bias
of standard error, MAE: median absolute error, CP: coverage probability, MSR: model selection rate for RS

approach based on AIC.
*p < 0.05. **p < 0.01. **p < 0.001.
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