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Abstract
In certain noncognitive applications attempts are made to measure unipolar traits expected to have 
positively skewed distributions in the target populations, two conditions that clash head-on with 
the bipolarity and normality assumptions on which most standard IRT models are based. Unipolar-
skewed models are an alternative to be used in these conditions, and we propose here a model 
intended for double-bounded continuous response items in which: (a) the link function or item 
response function is a cumulative Weibull curve, and (b) the initial latent distribution is lognormal. 
The model is simple, has desirable psychometric properties, and, conceptually, provides a plausible 
account of the response functioning. We propose a full development which has been also 
implemented in a free R program. Moreover, an empirical study is included, and its results show 
that the model behaves appropriately when used with real data, delivering the anticipated accuracy 
and external validity outcomes.

Keywords
unipolar traits, nonnormal latent distributions, asymmetric item response functions, Weibull link, continuous 
response format

The use of Item Response Theory (IRT) models in non-cognitive applications is nowa­
days a common practice. Not only are they increasingly used but also applied to a larger 
variety of constructs than those initially considered, i.e., normal-range personality traits 
and attitudes (e.g., Bejar, 1977; Reise & Waller, 1990; Thissen et al., 1983). Currently, IRT 
models are used in the measurement of health outcomes (e.g., Smits et al., 2020), quality 
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of life (e.g., Sijtsma & van der Ark, 2022), psychological and psychiatric measures (e.g., 
Reise et al., 2018, 2021), etc. To a large extent, however, the choice of the IRT model 
remains the same as originally: a standard model, (intended for measuring abilities) is 
fitted, and its appropriateness is assessed via goodness of model-data fit (see e.g., Meijer 
& Baneke, 2004; Reise et al., 2018, 2021). Furthermore, the most commonly used models 
are based on two general assumptions. First, that the measured constructs can be concep­
tualized as dimensional continua. Second, that the relation between the construct and the 
scores in its indicators is monotonic (e.g., Meijer & Baneke, 2004; Reise et al., 2018, 2021; 
Tutz & Jordan, 2024). We concur with Reise et al. (2021) in that these assumptions may be 
approximately met in many noncognitive applications.

Beyond the two starting assumptions above, however, in routine applications three 
further conditions are, explicitly or implicitly, assumed. First is that the construct is 
equally meaningful at both ends (i.e., bipolarity). Second is that it is normally distributed 
in the target population. The third, finally, is that the link function that relates the 
construct levels with the expected item scores (i.e., the item response function, IRF) is 
a symmetrical ogive. These assumptions, usually taken by convenience, are reasonable 
in some cases but highly questionable in others (e.g., Bazán et al., 2006; Goldstein, 1980; 
Molenaar, 2015; Morales-Vives et al., 2023, 2025; Reise et al., 2021; Shim et al., 2023; 
Woods & Thissen, 2006).

Background, Aims, and Contributions
The modeling proposed here is intended for measuring a class of non-cognitive con­
structs in scenarios in which the two initial assumptions of dimensionality and monoto­
nicity are plausible but the three additional assumptions above are not so. More specifi­
cally, our model is expected to be appropriate when, (a) the construct can be plausibly 
considered as unipolar, (b) its latent distribution in the target population is expected to 
be rightly skewed, and (c) the IRFs behave as asymmetrical power functions. The model 
is first aimed at offering a substantively consistent account of certain types of data which 
are found in applications, and, secondly, to be simple and have desirable psychometric 
properties (e.g., Ramsay, 1989).

We shall now discuss the first two assumptions above. Polarity is considered a 
conceptual property of the construct (e.g., Tay & Jebb, 2018). So, a bipolar construct 
is characterized by two opposite poles that are both fully meaningful, for example 
extraversion-introversion, with no point on the trait continuum representing a natural 
zero (the absence of the trait). Consequently, when a zero point is used, it typically 
defines the average point but does not mean the absence of the construct. In contrast, a 
unipolar construct is fully meaningful at only one pole, because the other pole implies 
the absence or near-absence of the construct. This would be the case with depression 
(Reise et al., 2021), suicidal ideation (Morales-Vives et al., 2023) or certain drug addictions 
(Lucke, 2015). In this type of construct, there is a meaningful zero point which marks the 
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beginning of the continuum, and so it is reasonable to represent the construct levels with 
positive numbers (Lucke, 2014, 2015; van der Maas et al., 2011).

That the latent distribution of the construct is rightly skewed is a distributional prop­
erty of the target population (we shall assume that the model is fitted in a representative 
sample). Furthermore, the conceptual condition of unipolarity does not imply “per se” 
that the latent distribution of the construct has to be rightly skewed (e.g., it could be 
in some populations but not in others). Although both conditions are conceptually inde­
pendent, however, the scenarios in which both are met are relatively common, mostly 
when the pole that implies the absence or near-absence of the construct encompasses 
most of the population, (which is the case, e.g., with suicidal ideation in community 
populations). The same as in previous developments (Lucke, 2014, 2015) our proposal is 
solely intended for variables that exhibit both characteristics, and, for completeness we 
prefer to refer these models as unipolar-skewed.

Our model is intended for measures made of continuous-response items, a format 
that is considered a natural application in noncognitive domains (Bejar, 1977). At the 
practical level, it is simple, less time-consuming, easily understood (e.g., McCormack et 
al., 1988), and well adapted to computerized administration modalities. Furthermore, IRT 
models intended for this format are parsimonious, and generally far more workable than 
graded-response models (e.g., Molenaar et al., 2022; Noel & Dauvier, 2007; Tutz & Jordan, 
2024). Clearly, the format is on the rise in noncognitive measurement (Huang, 2025).

The model proposed in this article is unidimensional. Therefore, its domain of appli­
cation is either an instrument that measures a single construct or a multidimensional 
questionnaire with a structure simple and clear enough to be analyzed on a scale-by-
scale basis. A proposal for a multidimensional extension will be also advanced below.

As in any IRT model (e.g., Woods & Thissen, 2006) the proposal of a unipolar-skewed 
model entails two main choices: (a) the latent distribution of the construct, and (b) the 
link function or IRF. To the best of our knowledge, in all the unipolar formulations so 
far (regardless of the format), the chosen latent distribution has been the lognormal. 
For the specific case of continuous responses, only one model has been proposed so 
far (Ferrando et al., 2024), which combines the lognormal latent distribution with a log-
logistic IRF. The present proposal, in comparison, continues considering the lognormal 
latent distribution but proposes and alternative IRF. The resulting model is essentially an 
extension of the Wb-UIRM, which Lucke (2014, 2015) proposed for binary responses, to 
the continuous-response case.

In relation to the existing log-logistic model and related developments, apart from 
considering an alternative IRF, the present proposal makes four new contributions:

• First is to investigate in depth the model functioning as a quotient model.
• Second is to assess the uncertainty of the parameter estimates and its impact in terms 

of confidence intervals and confidence bands.
• Third is to develop a multi-faceted approach for assessing model appropriateness.
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• Fourth is to propose a procedure for empirically estimating the latent distribution of 
the construct.

Finally, the proposal is complete, freely implemented in an R program, and illustrated 
with an empirical example.

The Weibull Continuous Response Model: Wb-CRM
Consider an instrument, made up of n items with a doubly bounded continuous response 
format, scaled in the open interval (0,1), and aimed at measuring a unipolar construct 
θU. In the target population, θU is assumed to follow a lognormal distribution with 
parameters μU = 0 and σU = 1. This assumption implies that, if θU is log-transformed, the 
resulting mean and standard deviation are 0 and 1 respectively. The mean and standard 
deviation of the original variable are 1.65, and 2.16 respectively (e.g., Aitchison & Brown, 
1957).

For fixed θU, the expected score in item j is given by:

E(Xj θU) =
exp(αjθUβj) − 1

exp(αjθUβj) = 1 − exp( − αjθUβj) (1)

The link function (1) is one of the expressions of the two-parameter Weibull CDF (e.g., 
McCool, 2012), and, when considered as a function of θU, it becomes the IRF of the 
Wb-CRM. This IRF is, essentially, a 0–1 scaled power function (e.g., Stevens, 1975) and 
its general features are: (a) it is concave downward, (b) is not symmetrical around any 
trait level, and (c) its slope tends to increase more strongly for construct values close to 
zero and flattens as θU increases. Typical Wb-CRM IRFs are in Figure 1 below. The αj and 
βj parameters, restricted to have positive values, are original parameters of the Weibull 
CDF: The αj parameter is a location/elevation parameter and βj, is a shape/curvature 
parameter. Their interpretation as item response parameters is discussed below.

The IRF (1) can be linearized by using the following transformations

ln(ln( 1
1 − E(Xj θU)

)) = ln −ln 1 − E(Xj θU) = ln(αj) + βjln(θU) = μj + βjθB (2)
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Figure 1

Item Response Function for each BSI Somatic Items

Expression (2) is the well-known expectation of a unidimensional linear factor analytic 
(FA) solution (e.g., Mellenbergh, 1994) when applied to transformed variables. Within IRT 
modeling, the complementary log–log transformation on the left-hand side of (2) has 
been explicitly proposed by Goldstein (1980), Mellenbergh (1994), and Shim et al. (2023). 
As for the ln(θU) transformation, θB becomes now a variable that ranges from minus to 
plus infinity with a zero mean and unit variance (we use the B subscript for ‘bipolar’). 
If the construct could plausibly be considered as bipolar, then the scale of θB would 
be already a “natural” scale for it (see Lord, 1975), and Model (2) would be equivalent 
to Goldstein’s (1980) when used with continuous responses. Here, however, we regard 
θB as a convenient transformation of a unipolar construct θU whose more natural scale 
is lognormal. So, the linearization of the IRF (1) in (2) is achieved by using a double 
transformation: complementary log–log (for the item responses) and log (for the trait 
scale).

From (2), the linearized form of the Wb-CRM we propose here for respondent i when 
answering item j is:
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Y ij = ln(ln(       1      
1 − X ij

)) = ln(αj) + βjln(θU i) + εij = μj + βjθBi + εij (3)

With a constant residual variance that does not depend on θB:

σεj
2 = Var Yj − β2j (4)

The conditional distribution of Xj for a fixed transformed value of θB is given by:

f (Xj     θU = exp(t)) =

= 1
σεj 2π

1
ln( 1

1 − Xj ) 1 − Xj
exp − 1

2[
ln ln( 1

1 − Xj ) − ln(αj + βjt)
σεj

]
2

(5)

When the item response is observed and takes a specific value, then (5) becomes a 
mathematical function of θU: the item likelihood function (e.g., Thissen et al., 1983).

The density function (5) arises as a transformation system based on a normally dis­
tributed variable but does not belong to any standard system (e.g., Ferrando et al., 2024; 
Molenaar et al., 2022). Its shape and first two moments, however, can be approximated by 
using quadrature or by using the delta method (e.g., Raykov & Marcoulides, 2004), and, 
essentially, they agree with that can be expected in the case of doubly bounded response 
variables (Lord, 1975; Molenaar et al., 2022). So, the shape depends on the fixed construct 
level, and the distribution is rightly skewed at low construct values and skewed to the 
left at high values. The conditional mean is approximated by (1) and the conditional 
variance by,

Var(Xj | θU) = σεj
2 αjθUβj

exp(αjθUβj)
2
= σεj

2 αjθUβj
2 1 − E(Xj θU)

2 (6)

which also behaves as expected in that it becomes smaller at both ends of the construct 
continuum (e.g., Lord, 1980). In this modeling, however, the decrease is generally much 
more pronounced at the lower end.

We shall now provide an interpretation of the results so far described in terms of 
the functioning of (1) as an item response model. First, the asymmetric shape of the IRF 
implies that, as the construct level increases, the item score becomes progressively less 
sensitive to this increase, which is a most distinctive feature of unipolar IRT models (e.g., 
Lucke, 2015; Morales-Vives et al., 2023, 2025; Reise et al., 2021). Given that the item scores 
are doubly bounded while the trait scores are assumed to be only bounded below by zero 
and unbounded above, this shape is, in principle, plausible: the curve increases evenly 
from the common lower bound, and then flattens more and more (i.e., a ceiling effect) as 
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the construct levels increase without bound and the expected item score approaches its 
unit upper bound (e.g., Bazán et al., 2006; Lord, 1975).

The location parameter αj has been referred to as the “easiness” index in previous 
proposals of unipolar models (e.g., Hernández-Dorado et al., 2024; Lucke, 2015; Reise et 
al., 2021). In principle, this name is not incorrect, because, other things constant, the 
higher αj, the higher the expected item score is. However, it does not function in the 
usual way that difficulty indices are defined in IRT models. This point is clearly seen in 
the linearized Expression (3): log(αj) is the expected marginal mean of the transformed 
item score Yj (note that the marginal mean of θB is zero). It can be further shown that 
αj also determines the expected marginal item mean in the original (0,1) response scale. 
So, essentially, αj is an unconditional, conventional item location statistic related to the 
expected mean item score in the total group (Lord, 1980, p. 34). To avoid confusion with 
the IRT item difficulty index we shall propose below, we prefer to refer to αj as an 
elevation index. As for reference values, in applications where the model is considered 
appropriate, expected αj values will always be less than 1, generally in the range 0.25–
0.50 (Hernández-Dorado et al., 2024).

A conditional location or difficulty item parameter which agrees with an IRT formu­
lation of the model is now defined. The δj location parameter, which expresses “extreme­
ness”, “severity” or “difficulty”, is defined as the θU trait level at which the expected item 
score is 0.5 (i.e., the midpoint of the item response scale; Lucke, 2014, 2015; Reise et al., 
2021). For the Wb-CRM this parameter is,

δj = ln2
αj

1
βj

(7)

And, in terms of δj, the IRF (1) can be written as:

E(Xj | θU) = 1 − exp −ln2 θU
δj

βj
(8)

Examination of (8) shows that δj agrees with the definition of a standard IRT difficulty 
index but has a different functioning than this index has in conventional IRT models. 
As for the agreements, δj is a conditional measure of location (the construct level that 
is required to attain a 0.5 expected item score) and is in the same scale as the construct 
θU (i.e., lognormal 0,1). So, reference values can be derived by taking into account that 
the mean, the median and the standard deviation of the lognormal (0,1) distribution are 
1.65, 1, and 2.16 respectively. In principle, δj values below, say, 1 would be interpreted as 
that the item is “easy” in the sense that it only takes a low trait level to reach the 0.5 
midpoint in the item response scale. Values above 1.65 mean would indicate that the item 
is difficult, and δj values greater than, say, one standard deviation above the mean (3.5–4 
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or more) would be interpreted as that it is extremely difficult (Hernández-Dorado et al., 
2024).

Turning now to the differences. In standard IRT models, the expected item score is a 
function of the difference between the trait level and the difficulty index, which is the 
reason why these standard models are known as difference models (see Ramsay, 1989; 
van der Maas et al., 2011). In (8), however, the expected item score is a function of the 
quotient between the trait level and the difficulty index. So, the Wb-CRM is a unipolar 
quotient model (Ramsay, 1989; van der Maas et al., 2011). This distinction becomes 
clearer if the linearized version of the model (3) is written in terms of δj:

Y ij = ln(ln(       1      
1 − X ij

)) = ln(ln2) + βj ln(θU i − ln δj ) + εij (9)

So, when the original model is linearized using the complementary log–log transforma­
tion, the logarithms of both the construct level and the difficulty index behave according 
a conventional difference mechanism: The expectation of the transformed item score 
becomes a weighted function of the difference of logarithms (Ramsay, 1989; van der Maas 
et al., 2011).

The functioning of the IRF (8) then is that the conditional expected score increases 
with θU at a ratio that is inversely proportional to the difficulty. When the item is very 
“easy” (i.e., δj close to zero) the increase is abrupt, and the expectation reaches the unit 
upper bound already at low trait levels. As δj increases, the expected score increases 
more gradually. The βj parameter modulates this tendency (accentuating or moderating 
it) acting in the form of a power exponent.

We turn now to item discriminating power. To address this property from an IRT 
framework, we shall first derive the slope of the curve at each point of θU, in terms of the 
quotient formulation (8). It is given by:

Slope θU =
dE(Xj θU)

dθU = 1 − E(Xj θU)
ln2βj
θU

θU
δj

βj
(10)

So, the slope increases generally when, (a) the construct level decreases (and so the 
expected item score decreases), and (b) when βj increases. However, as advanced above, 
the impact of βj is not constant (as it occurs in a standard difference IRT model). Rather, 
in the Wb-CRM, this impact depends on the magnitude of the quotient θU/δj . Thus, in 
a very “easy” item, the slope would be very high at low construct levels. If, in addition, 
βj was also high, the curve will be near vertical at low levels and then would flatten 
completely. At the other end, in a highly difficult item, the curve will increase gradually, 
with a gentler, more constant slope. If, in addition, βj was not large, not only would the 
increase be even more gradual, but the expected score would not seem to reach the unit 
upper bound even for very high trait values.
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Further insight on the role of βj as a determinant of the slope can be obtained by 
noting that, when βj ≤ 1, the slope of the IRF increases without bound as θU approaches 
zero. When βj > 1, the maximal slope is attained at:

θU = δj
βj − 1
ln2βj

1/βj
(11)

The results so far lead us to propose βj as a general or “basic” index of item discrimina­
tion. However, the complete study of the discriminating power of a Wb-CRM item with a 
given difficulty parameter at different construct levels requires studying the behavior of 
the slope (10) and an inspection of the IRFs (see Figure 1 and corresponding comments). 
As for reference values for βj finally, they are similar to those proposed for the discrimi­
nation parameter in standard IRT models (Bejar, 1977; Ferrando & Morales-Vives, 2023). 
Tentatively, and based on our experience, we may consider βj values about between 0.3 
and 0.7 as be moderately discriminating while values above 1 would already indicate a 
high level of “basic” item discriminating power.

Model Estimation
The results (2)–(4) allow a simple, limited-information and robust two-stage procedure 
for calibrating the items and scoring respondents to be proposed. In the first, calibration 
stage, the FA solution (3) is fitted to the transformed item scores and, if considered 
appropriate, the FA item structural estimates are next transformed to the Wb-CRM item 
estimates and taken as if they were fixed and known. In the second, scoring stage, 
individual trait estimates, with the corresponding standard errors of measurement and 
conditional reliability estimates are obtained on the basis of the first-stage fixed structur­
al estimates.

Structural Estimation: Item Calibration

In this stage, a standard unidimensional FA solution is fitted to the complementary 
log–log transformed item scores (3). In order to obtain finite estimates, the lowest and 
highest endpoints of the original 0–1 scores are set at .01 and .99 (e.g., Shuford et al., 
1966). The solution is identified by fixing the mean and standard deviation of θB to 0 and 
1 respectively, which follows from the prior lognormal assumption. The item structural 
estimates directly obtained from the FA output are: the intercepts (μj), the loadings 
(βj), and the residual variances (σεj

2 ). Next, the elevation estimates are obtained as: αj = 
exp(μj), and the location/difficulty δj parameters are obtained from Equation (7). Fitting 
procedures and structural goodness-of-fit assessment are conventional (e.g., Raykov & 
Marcoulides, 2012).

If the chosen estimation procedure allows standard errors for the structural estimates 
to be obtained, then, the standard errors and confidence intervals for the βj estimates are 
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directly provided in the calibration output. As for the αj = exp(μj), and δj estimates, they 
can be obtained by the delta method (e.g., Raykov & Marcoulides, 2004).

An advantage of the simple calibration procedure so far described is its expected 
robustness against misspecification of the latent trait distribution. If the normality as­
sumption for θB (or, equivalently, the log-normality assumption for θU) was incorrect, 
the quality of the βj and αj estimates would not be expected to be appreciably affected 
(Asparouhov & Muthén, 2010), particularly, if a robust estimation procedure was used.

Scoring

The scoring schema we propose is Bayes expected a posteriori (EAP; Bock & Mislevy, 
1982). It is standard and the only specific features are that, (a) the prior is lognormal 
(0,1), and (b) the likelihood function is obtained from the conditional distribution (5). For 
each individual, the output consists of the trait θUi point estimate and the corresponding 
posterior standard deviation (PSD) (e.g., Bock & Mislevy, 1982).

EAP-based conditional and marginal reliability estimates (e.g., Mellenbergh, 1994) are 
as follows. The conditional reliability estimate θU i EAP  is obtained as

ρθU i(EAP) = 1 − PSD(θU i)
2

Var(θU) . (12)

Where Var(θU) is the variance of the prior lognormal distribution. The marginal reliabili­
ty estimate is:

ρ(EAP) = 1 − E(PSD(θU i)
2)

V ar(θU) . (13)

EAP-based information curves can be obtained by plotting the PSDs or the conditional 
reliabilities against the point-estimates. Figure 2 in the example below is a typical exam­
ple of that can be expected: in accordance with the functioning of the model, the curves 
are decreasing functions in which maximal information/accuracy is obtained at low trait 
levels.
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Figure 2

Empirical Information Curves for the BSI Somatic Score Estimates

Assessing Model Appropriateness: A Multi-Faceted Proposal
While model appropriateness in noncognitive IRT applications has been mostly focused 
on goodness of model-data fit (GOF) assessment, we consider this assessment as largely 
insufficient (cf. Pitt & Myung, 2002), and propose instead a multi-faceted approach, in 
which different sources of evidence are collected, for the Wb-CRM.

First source is obtained via content and descriptive analysis. The functioning of the 
model must be plausible and theoretically consistent, which means that the construct 
should fit in the unipolar conception (e.g., Tay & Jebb, 2018), and its distribution should 
be expected to be rightly skewed in the target population (e.g., Woods & Thissen, 2006). 
The second assumption implies that the distributions of the raw item and scale scores 
should generally be right skewed, with a sizable number of cases piled-up at the lower 
end. This, however, is only a necessary condition (see Molenaar, 2015).

The second source of evidence is conventional GOF. Because the Wb-CRM is fitted 
at the calibration level as if it was a Structural Equation Model (SEM), the powerful 
machinery for assessing GOF within this framework can be used directly here (e.g., 
Raykov & Marcoulides, 2012).

Still at the calibration level, the third proposed source of evidence is a graphical 
residual check on an item-by-item basis (e.g., Wells & Hambleton, 2016). This check 
is useful for comparing the functioning of the empirical Wb-CRM IRFs against their 

Ferrando, Morales-Vives, Casas, & Navarro-González 235

Methodology
2026, Vol. 22(3), 225–251
https://doi.org/10.5964/meth.20097

https://www.psychopen.eu/


model-expected counterparts, or against other possible IRFs. It is also useful for detect­
ing unexpected item features (Meijer & Baneke, 2004; Reise et al., 2021). The specific 
proposed procedure is as follows. First, empirical percentiles are obtained from the sum 
scores and transformed to the corresponding value from the lognormal distribution. 
Second, for each item, the item scores are plotted against the transformed scores. Finally, 
both the model-expected IRF, obtained using Equation (1) and the kernel-smoothed IRF 
(see Ramsay, 1991) are fitted to the regression scatterplot. If standard errors for the struc­
tural item parameters are available from the calibration results, confidence bands for the 
expected IRFs can also be obtained by specifying a grid of values across the transformed 
scores, obtaining conditional expected values at each grid point based on generated 
parameter-estimated values that contain error, and obtaining confidence intervals from 
the array of resulting conditional expected values (e.g., Bollen & Stine, 1992).

The fourth and fifth sources focus more on the properties of the scores. The fourth 
source compares the specified prior distribution to the average of the latent posterior 
distribution estimated in the sample (Monroe, 2021). More specifically, the estimated 
posterior distribution for a given sample response vector Xi is:

f (   θU   |Xi) =
f (Xi     θU)g   θU

π Xi
(14)

Where f (Xi θU) is obtained from Equation (5). The sample average of the (14) estimates 
provides the posterior estimate corresponding to a given θU value.

Strong discrepancies between the prior and the posterior distribution would indicate 
a misspecification of the Wb-CRM either in the link functions, the latent prior, or both 
(e.g., Monroe, 2021; Sinharay et al., 2006). However, if the residual item analyses suggest 
that the IRFs are appropriate, the problem must be sought further in the prior latent 
distribution.

As in the third point above, the posterior analysis here is mostly based on graphical 
procedures, in which the prior and posterior smoothed distributions based on the quad­
rature histograms (see next section) are jointly displayed. As a descriptive discrepancy 
measure, the root mean squared difference between the prior and posterior probabilities 
is also obtained.

Finally, some studies have used results concerning external validity as further evi­
dence of the plausibility of the unipolar-skewed modeling (e.g., Ferrando et al., 2024; 
Morales-Vives et al., 2023, 2025). If the variable is truly unipolar, it can be expected 
that the relationship with most relevant external variables will be more pronounced for 
subjects with high scores because this part of the trait continuum is more meaningful 
than the lower pole.

In closing, we believe it is crucial to collect sufficient evidence to determine model 
appropriateness thereby justifying its application. Using models that match both the 
unipolar nature of the variables and the latent distributions makes it possible to better 
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establish at which trait levels the accuracy of estimations is highest (e.g., Ferrando et al., 
2024; Morales-Vives et al., 2023). This choice has important implications, for example, 
in terms of establishing adequate cut-off points for identifying individuals with certain 
conditions or disorders (e.g., Morales-Vives et al., 2023; Morales-Vives et al., 2025).

Model Modifications: Estimating the Latent Distribution of θU

When the structural GOF results are considered acceptable, but the posterior analysis 
reveals substantial discrepancies between the prior and the empirical posterior distribu­
tions, it is possible to estimate the θU distribution. In our proposal, the item parameter es­
timates obtained at the calibration stage are taken as fixed and known, and the latent θU 

distribution is estimated by using an adaptation of Mislevy’s (1984) empirical histogram 
approach (see also Woods, 2007). Wang and Zeng (1998) proposed an extension of this 
approach for the case continuous response items that behaved according to Samejima’s 
(1974) CRM. The procedure in our case is the same as they summarize in their Equation 
(21), with the Wb-CRM specific features that, (a) the prior is lognormal (μU = 0, σU = 1), 
and (b) the likelihood function is obtained from the conditional distribution (5).

If the empirical histogram solution is consistent and departs substantially from the 
prior latent distribution, the EAP scores, PSDs, and reliability measures can be re-estima­
ted by using the final histogram as the “input” quadrature instead of the prior quadra­
ture. The behavior and advantages of these refined scores (particularly their stability), 
however, is an issue that deserves intensive research (see Woods, 2007).

A Template for a Multidimensional Extension
A direct extension of (1) to the case of a test that measures a set of r unipolar traits: θU 
= θU1, .. θUk …θUr, each of them distributed as lognormal (0,1), and that we propose as the 
multidimensional extension of the Wb-CRM, is given by:

E(Xj | θU) =
exp(αjθU1βj1....θU rβjr) − 1

exp(αjθU1βj1....θU rβjr) = 1 − exp( − αjθU1βj1....θU rβjr) (15)

By using the double (log–log and log) transformation proposed for the unidimensional 
model, the expectation in (15) is transformed to the expectation of a linear multiple 
factor-analytic solution. So, the two-stage estimation we proposed for the Wb-CRM is 
also feasible here. We consider that a full development of (15) in the same line as has 
been done with related unipolar models (Ferrando et al., 2026) is of interest and we plan 
to developed it in the future.
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Implementation and Simulation Checks
The proposal so far discussed has been implemented as R script called 
UNI_ASK_U, which has been developed in R Version 4.5.1 and runs with R ver­
sions more recent than 3.5.0. A description of this program can be found in 
https://psico.fcep.urv.cat/utilitats/UNI_ASK_U/index.php.

The program is released in a compressed folder, which contains two main R scripts: 
UNI_ASK_U.R and UNI_ASK_U_GUI.R. The first script is the code function, where the 
input values have to be provided through console, and the output is also printed in the 
console. When using this script, the user must source the function before its utilization:

> source(“UNI_ASK_U.R”)

The second script, UNI_ASK_U_GUI, is a shiny app (Chang et al., 2025), which provides a 
Graphical User Interface version of the program. This can be initialized by:

> library(shiny); runApp('UNI_ASK_U_GUI.R')

More information about the usage of the script can be found at the aforementioned 
website.

Empirical Study
For this study, we used the somatization subscale of the Brief Symptom Inventory 18 (BSI 
18, Derogatis, 2001), which consists of 6 items referring to different somatic manifesta­
tions (faintness, nausea, numbness, etc.). Over the years, L. R. Derogatis has developed 
various questionnaires, such as the BSI-18 or the SCL-90-R, that aim to assess a broad, 
general construct of psychological distress across different dimensions, being somatiza­
tion one of them. In his studies, the somatization subscale is treated in the same way 
as the other subscales, such as the depression or anxiety subscales, considering that the 
items that compose the subscale function as indicators, or are more specific manifesta­
tions, of the general construct of psychological distress. In fact, the BSI-18 allow overall 
scores to be calculated as a general measure of psychological distress (Global Severity 
Index), which includes the somatization items along with the other items. Based on 
this conceptualization, the present study also adopts this premise, and considers that 
the scores on this subscale reflect an underlying sub-dimension of distress specifically 
related to physiological experiences, whereas the other subscales, reflect other specific 
kinds of distress. According to this premise, this subscale is suitable to be used as an 
effect-indicators of a construct in this empirical example. Furthermore, it should be 
considered that the DSM-5 includes a diagnosis of Somatic Symptom and Related Disorder, 
and also considers that its indicators are not formative symptoms (they cannot be fully 
explained by a known general medical condition), but effects of a psychological distress 
dimension, which is consistent with this conceptualization.
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The subscale was administered to 367 undergraduate students (84.7% women) with 
ages between 18 and 42 years old (M = 20.56, SD = 4.15). Participants were asked to rate 
to which extent they suffered each of these symptoms using a continuous response for­
mat that was scaled to 0-1 as described above. Participants were also asked to complete 
the Rosenberg Self-Esteem Scale (RSE, Rosenberg, 1979) to be used as external variable.

The medians and skewness coefficients for each somatic symptom are shown in 
Table 1. Considering the 0–1 scaling, the medians are quite low, with values lower than 
.28, except for the “Nausea” item (whose median is also not high: .34). The median in 
the “Short breath” item is especially low (.18). The skewness coefficients are close to 
1, or higher than 1, in all cases except the “Nausea” item. Therefore, as expected in 
unipolar-skewed scenarios, participants tended to score very low, giving rise to positive 
skewed score distributions.

Table 1

Medians and Skewness Coefficients of BSI Somatic Items

Subscale Item Median Skewness

1. Faintness .24 0.94

2. Chest pains .23 1.17

Somatic subscale 3. Nausea .34 0.65

4. Short breath .18 1.46

5. Numbness .25 0.91

6. Weakness .27 0.92

Note. The text of the items is presented in summary form.

Item Calibration
Using the UNI-ASK-U program, the unidimensional FA solution (3) was fitted to the 
transformed item scores by specifying a robust (mean and variance corrected) maximum-
likelihood (ML) estimation criterion. GOF results at the structural level were quite good: 
RMSEA = .036, 90% CI [0.001, 0.077]; CFI = .99; GFI = .99; SRMR = .023. The item parame­
ter point estimates together with the confidence intervals are in Table 2. Regarding the 
point estimates, all the items but the “Nausea” item have δj values greater than 3.5–4, 
so they can be considered as extremely difficult (particularly Items 4 and 5): a very high 
trait level is needed to reach the 0.5 midpoint in the item response scale. The αj elevation 
estimates are consistent with these results, as all the items have considerably low values, 
close to zero, with the exception of the “Nausea” item, which is slightly higher. Regarding 
the β parameter, 5 out of 6 items can be considered as highly discriminating, as their 
values are higher than 1, while item 5 is moderately discriminant. To sum up, all the 
items can be considered as moderately/highly or highly discriminating and difficult.
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With regards to the 90% confidence intervals, they are all reasonably narrow, particu­
larly taking into account the modest sample size. As expected, the elevation αj estimates 
are the most accurate (they are intercepts), and the δj estimates are the ones with the 
greatest sampling error (they are a complex function of intercepts and slopes) although, 
on the other hand, they are the most interpretable. Note also that the width of the 
confidence intervals (and so, the magnitude of the standard errors) for δj increases with 
δj.

Figure 1 displays the IRFs of the six items. In all cases the model-expected IRF curve 
follows a general pattern similar to that of the empirical (kernel-smoothed) curve and 
the scatterplot, suggesting that the model is appropriate for this kind of items. As for the 
confidence bands around the expected IRF they are reasonable in all cases, in agreement 
with the results in Table (2), and Equation (6), and their width generally increases with 
the magnitude of the transformed scores, which is consistent with the greater dispersion 
of points at the upper side of the trait continuum.

It is also noted that the curves of the two most difficult Items (4 and 5) are slightly 
different from those for the rest: their increase is very gradual and seem not to attain 
the upper ceiling of 1. In other words, the items are so difficult that, even at moderate 
or high trait levels, there is little chance of scoring very high on them. In contrast, the 
increase of the curve is more pronounced in easiest items, especially in the “Nausea” 
item, reaching sooner the upper limit of one. All these results are in agreement with the 
functioning of the model discussed above.

Turning now to the scoring-related results. Figure 2 shows the conditional reliabilities 
against the EAP point estimates. As can be seen, maximal reliability is achieved at a 
range of construct levels between, approximately, 0 and 1. And, although this 0–1 range 
seems narrow, it contains the lower 50% of the distribution (the median of the latent 
distribution is 1). In other words, the most accurate results are obtained for the half 
of the sample that has no or very few symptoms. This result suggests, as expected, 

Table 2

Item Parameter Estimates for the BSI Somatic Items with Confidence Intervals

Item α (90% CI) β (90% CI) δ (90% CI)

1. Faintness 0.12 (0.11; 0.14) 1.13 (1.00; 1.26) 4.72 (3.73; 5.71)

2. Chest pains 0.11 (0.09; 0.12) 1.12 (0.98; 1.26) 5.17 (3.86; 6.48)

3. Nausea 0.22 (0.20; 0.23) 1.06 (0.92; 1.20) 2.95 (2.43; 3.47)

4. Short breath 0.07 (0.06; 0.10) 1.18 (1.05; 1.31) 6.98 (4.87; 9.09)

5. Numbness 0.14 (0.12; 0.16) 0.78 (0.64; 0.92) 7.77 (4.15; 11.39)

6. Weakness 0.14 (0.13; 0.16) 1.23 (1.10; 1.36) 3.67 (3.01; 4.33)
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that score estimates can effectively distinguish between individuals with very low so­
matization levels at the cost of not allowing for such accurate differentiation between 
different high levels of severity. Even so, however, up to a construct level of about 2.5, 
the conditional reliability still remains acceptable, and this level is the 82nd percentile. 
Finally, for estimates that are one standard deviation above the mean (about 3.8) the 
accuracy is, effectively, quite low (around .50), contrasting with the accuracy at low 
levels. However, we are talking here about individuals who are above the 90th percentile. 
So, in our view, the criticism that the information/conditional reliability function derived 
from unipolar modeling is somewhat implausible (too exaggerated; Reise et al., 2018) 
should be qualified, at least for the present model and response format.

A practical issue derived from the scoring results so far (e.g., Reise & Waller, 2009) 
refers to the consequences of using simple sum scores instead of the IRT scores proposed 
here if the Wb-CRM was the correct model. To address this issue, Figure 3 displays, for 
each of the 367 participants, the sum score against the estimated trait level (the EAP 
score). Included in Figure 3 is also the expected sum score, given the structural item 
estimates and the estimated trait level. Results are clear. Note first, that the curve of the 
expected sum score is, in IRT terms, the test response function (TRF) and its shape is an 
average of the IRFs in Figure 1 (e.g., Lord, 1980). Note also the closer agreement between 
the TRF and the scatter of points, which provides additional evidence supporting model 
appropriateness. The relation is nonlinear (a power function), and, again, at the lower 
end, small increases in the IRT score would translate into large differences in terms of 
sum score and the opposite trend would be observed at the upper end. So, for many 
purposes (individual comparisons, clinical decisions, analysis of change) the two types 
of scores would not be interchangeable (see Reise & Waller, 2009 for a discussion). 
However, even when the relation is clearly nonlinear, the product-moment correlation 
between both sets of scores is still r = 0.93. So, if ranking individuals was the only applied 
purpose, then the scores would be essentially interchangeable.

We turn now to evidence of appropriateness related to scoring results. Figure 4 
displays the prior and posterior smoothed trait distributions. The root mean squared 
discrepancy between both distributions was RMSD = 0.0019. So, the results again suggest 
that, (a) the Wb-CRM is quite appropriate in this case, and (b) there is no need to further 
estimate the latent distribution.
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Figure 3

Plot of Sum Scores Against Trait Estimates

Figure 4

Prior and Posterior Smoothed Trait Distributions
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We turn finally to external validity evidence using the self-esteem RSE scores as external 
variable. As discussed above, we expected the somatic scores to become increasingly 
predictive as they increase, which implies a heteroscedastic relation in which the scatter 
of points around the regression line is more dispersed at the lower end of the trait 
continuum. Figure 5 shows the bivariate scatterplot of the self-esteem scores against the 
estimated somatic scores with the kernel smoothed regression line. Results suggest an 
essentially linear but heteroscedastic relation in the expected direction. To formally test 
this trend, we computed Cohen’s (Cohen & Cohen, 1983) test of heteroscedasticity, which 
gave a significant and negative correlation between the absolute regression residuals 
and the estimated trait levels: r = -.12 (-0.20; -0.04), although the differential effects are 
not huge. However, this is understandable given that the validity coefficient is not very 
large either. Additionally, the correlation between the self-esteem scores on the somatic 
scores (validity coefficient) in the full sample was r = -.36, which involves a moderate 
effect size. The corresponding correlation in the majority group with low to moderate 
somatic scores (below 4) was r = -0.25, with a 90% confidence interval of -0.34 and -0.17. 
The corresponding correlation in the minority group with high scores was r = -0.48, a 
value that falls outside the limits of the reported confidence interval. Admittedly this 
second evidence based on group splitting has a component of arbitrariness and it is 
best to take it as supplementary evidence. Overall, results suggest that those people that 
suffer somatic symptoms tend to have lower levels of self-esteem, while the relationship 
between these variables is not so obvious for those people that do not suffer, or barely 
suffer, them. In other words, somatic symptoms may affect self-esteem, but not suffering 
these symptoms is not enough for manifesting a high self-esteem.

Discussion
In our view, for many noncognitive constructs and populations, standard IRT models 
are plausible choices. In other scenarios, the choice of these models might not be very 
well founded, but they can still function reasonably well (Reise et al., 2021). There are, 
however, certain scenarios in which both the scaling of the construct and its expected 
latent distribution clash head-on with the assumptions of a standard model. In these ca­
ses, many inferences based on standard results would likely to be wrong (Morales-Vives 
et al., 2023, 2025; Ferrando et al., 2024). The model proposed here is an alternative to 
be used in the third type of scenarios, and involves constructs that can be considered 
unipolar with an expected right-skewed latent distribution in the target population, and 
measured with doubly-bounded continuous response items.

Models related to the present proposal can be developed by playing with two deter­
minants: the latent distribution and the link function or IRF. And, so far, the most 
convenient choice for the first, appears to be the lognormal (0,1) distribution, which is 
also the basic choice we made here, although we have also considered the possibility 

Ferrando, Morales-Vives, Casas, & Navarro-González 243

Methodology
2026, Vol. 22(3), 225–251
https://doi.org/10.5964/meth.20097

https://www.psychopen.eu/


of using it as a starting point. As for the link function the common choice so far has 
been the log-logistic (Morales-Vives et al., 2023, 2025; Ferrando et al., 2024), and we have 
proposed here a different link that is related to previous psychometric and biometric 
proposals: the Weibull link, that, when linearized, becomes the complementary log–log 
link. This is the main novelty of our proposal.

Beyond the new basis link, our proposal has attempted to include new developments 
that, to the best of our knowledge, had not been proposed until now in the field of this 
family of models. They include: (a) an intensive study of the model functioning as a 
quotient model, (b) taking into account estimation uncertainty, (c) improved procedures 
for assessing model appropriateness, and (d) the possibility of empirically estimating the 
latent distribution. Furthermore, the proposal has been fully operationalized using by 
simple and robust estimation procedures, implemented in a free user-friendly program, 
and illustrated with an empirical example. Even with all these contributions, however, we 
recognize that what we propose here is only a first step.

Limitations and Future Directions
The Wb-CRM has three main advantages. First, it is plausible and substantively consis­
tent in the scenarios for which it has been designed, Second, its functioning is aligned 

Figure 5

Validity Evidence: Rosenberg Self-Esteem Scores Against BSI Somatic Score Estimates
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with the most common intended usages in clinical measurement (distinguish between 
people which are really low on the construct from those who are not). Third, it is 
relatively simple and has interesting psychometric properties. Even so, however, we still 
do not have conclusive evidence that a unipolar model is “genuinely correct”, and, if 
so, that the Wb-CRM is the most appropriate choice among the potential alternatives. 
As for the first point, the new contributions of this article regarding appropriateness 
assessment (mainly graphical IRF residual analysis and posterior distribution analysis) 
are improvements with respect to previous developments, but they are still a first step.

In our view, gathering further evidence about model correctness mostly involves, 
first, linking the developments to theoretical foundations, and second, “getting out of 
the loop”, making tangible outside predictions from the model and verifying them (Lord, 
1980; Wells & Hambleton, 2016). The differential validity study in the example goes in 
this direction. As a further example, if the item set was large enough (unfortunately not 
the case in our example), the split-half method could be used, and the prediction that the 
standard errors should increase with trait level could be empirically checked. Ultimately, 
if it could be demonstrated that the use of the model leads consistently to improved 
cut-offs and better clinical diagnostic decisions, then, support for its correctness would 
be greatly enhanced.

With regards to model comparisons, we believe that they should also be based on 
the same rationales as outlined above and go beyond pure GOF comparisons. Again, 
residual and posterior analyses are a first step, but theoretical foundations, validity, and 
clinical functioning should be the ultimate criteria. This evidence should be based on in­
tensive research and a variety of datasets obtained from different samples and measuring 
instruments. And, in this sense, the comprehensive implementation of different unipolar 
models in a general program we are conducting would allow applied researchers to carry 
out these investigations independently and gain knowledge about their functioning.

As for future directions that go beyond the general lines mentioned above, we believe 
that the study of the topic is in its early stages and has considerable expansive potential 
in both psychometric and applied research. In this sense, the reviewers of the first 
version provided valuable directions. Below is a summary of points that deserve further 
study.

• Improving and extending the procedures for assessing model appropriateness and for 
comparing alternative models. In particular, the residual IRF and the posterior analysis 
checks are very basic and can be clearly improved (Douglas & Cohen, 2001; Monroe, 
2021; Sinharay et al., 2006; Wells & Hambleton, 2016). Also, procedures for comparing 
the functioning of competing models that go beyond GOF and that are being used in 
conventional IRT models, should be incorporated into these new models (e.g., Bazán et 
al., 2006; Wells & Hambleton, 2016).

• Improving the procedures for estimating the latent distribution. The empirical 
histogram approach is very basic, can provide little information in some cases 
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(particularly short tests) and can be improved (e.g., Woods, 2007). Alternative 
approaches should also be considered (e.g., Woods & Thissen, 2006).

• A more in-depth study of the uncertainty of the structural estimates and its impact on 
the score estimates. While we consider the simple two-stage approach to be quite 
defensible, the impact of considering the structural estimates as if they were fixed and 
known at the scoring stage should be further studied.

• Considering alternative score estimates. In particular, in the Wb-CRM maximum 
likelihood score estimates can be obtained in closed form and are not impacted by the 
choice of the prior distribution. On the other hand, they are unstable at the extreme 
levels and do not generally work well in short tests. Its usefulness should be assessed.

• Fully extending the Wb-CRM to, (a) the graded response format case, and (b) the 
multidimensional case according to the template provided in this article. These 
developments would correspond to those made for the log-logistic model: Reise et al. 
(2021) for the graded extension, and Ferrando et al. (2026), multidimensional extension.

Conclusion
In spite of its acknowledged limitations, we consider the proposal as a step forward and 
an original contribution to the field of unipolar constructs, which provides responses to 
assessment needs in this area. In this sense, the results of the illustrative example (limited 
as it is) not only show that the model behaves appropriately with real data, but also 
reinforces previous evidence obtained with unipolar models (Ferrando et al., 2024, 2026; 
Morales-Vives et al., 2023, 2025). If future evidence confirms this good functioning, the 
model would be quite useful for professionals and researchers working with non-cogni­
tive unipolar-skewed constructs, and would fill a gap in this field. In particular, when 
applied to community samples, it would enable adequate cut-off points to be established 
for accurately differentiating between individuals with irrelevant construct levels and 
individuals who clearly have construct manifestations, and so for identifying individuals 
who require preventive assistance.
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